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Abstract

We show that any standard optimization criterion (SOC) has a scalar equivalence, i.e., is
equivalent to the maximization of a real-valued function. We also demonstrate that a scalar
equivalence of any SOC can be solved as one of any other SOC. In summary, all solutions and
only solutions to an optimization problem involving one SOC can be obtained in terms of any
other. Thus all SOCs are directly equivalent. Finally, we consider optimization problems
involving SOCs as formal decision problems and conjecture whether all decision problems can

be solved by a real-valued maximization problem over a suitable feasible region.
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1. Introduction

An optimization criterion defines the notion of the term “best” in making a “best” decision.
In this study, a standard optimization criterion (SOC) refers to Pareto (including the scalar case),
satisficing, maximin, and standard cone-ordered optimization, as well as the more general notion

of standard set-valued optimization. We show here that all SOCs are scalarizable. All solutions



and only solutions for any SOC problem can be obtained by the maximization of a real-valued
objective function subject to certain constraints. No convexity or concavity assumptions are
required either on the objective functions or feasible region. We further demonstrate that any
SOC is equivalent to any other SOC; i.e., all solutions and only solutions to one SOC problem
can be directly obtained as solutions to any other SOC. One type of optimization problem can be
solved as any other. Finally, we note that many formal decision problems can be solved by real-
valued maximizations. The question then arises whether all formal decision problems can be

solved in such a manner.

2. Preliminaries
In this section we define the SOCs to be studied and present definitions, notation, and results

to be used later.

2.1 Maximin Problem
Let f : R"xR™ — R be a real-valued function. For eachx € Ac R", define the set B(X) c R"

to be a nonempty feasible region. Assume that the function g(x) = Brp!an f (x,y)is well-defined
yeB(x)c

for all x e A. The general maximin problem [3] can be stated as

max  min _ f(Xx,y).
xeAcR" yeB(X)cRm

Note that for different x,,X, € Ac R", the associated feasible regions B(x,) and B(X,) are not
necessarily identical. In another words, this formulation restricts the feasible choices of y
depending on the certain choices of x. If B(x) = B for allx e Ac R", the above problem takes

the more familiar form

max_ min_ f(Xx,y).

xeAcR" yeBCRm

In particular, if B={l,...,n} < Rfor some given positive integer n, the problem becomes the

standard discrete maximin problem
max min{f (x,1),..., f (x,n)}.

xeAcR

Example 2.1.1 Let A=[19] = Rand B(x) ={y €[LX]:x—y>y—1}for each x € A Define

f(x,y) =§for X € A,y € B(x), and consider the maximin problem



. X
max min —.
x€[1,9] yeB(x) y

In this example, the feasible region of variable y in minimization depends on the value of

variable x given. For example, we have that B(5) =[1,3], while B(7) =[L4].

2.2 Pareto Optimization

Let A< R™be a set of feasible solutions and f : R™ — R"be an n-dimensional objective
function f (X) = (f,(X),..., f, (X)) for all x e A, where f, : R™ — R is defined to be the i"" objective
function of the problem,i =1,..,n. Then Pareto maximization, or vector maximization, can be

stated as
Vmgx(fl(x),..., f. (X)).

A feasible solution X € Ais called a Pareto maximum, or efficient point, if there isno y € A

such that f;(x) < f;(y)forall i =1,..,mand if f,(x)< f;(y)at least one index j. The set

{f(x) e R": x are Pareto maxima over A}is called the Pareto frontier, or efficient frontier, of the

problem.

2.3 Goal Programming

Goal programming is usually written as a scalar maximization or minimization of a function
involving only the deviational variables for the goal constraints. However, we present here the
more general definition as given in [7] in which goal programming is formulated as an

equivalent Pareto maximization.

Let f,:R™ — Rfori=1,...,n be the goal functions and b,,...,b, represent the associated

aspiration levels for objective 1 to n, respectively. Then the goal programming problem can be

stated

min (s,ors;,...,S,0rs,)

x,s7,s”

st.  f,(X)+s;, —s; =b,

fn(X)+Sr:_SrT:bn |
s, -s; =0
s.,S >0,xe A




The objective is to minimize the deviations s, s;” to obtain a feasible x making the goal

functions as close to the aspiration levels b; as possible. For more details, see [14] and [18].

2.4 Cone-ordered Maximization

Definition 2.4.1 A nonempty setC — R"is called a cone if and only if Ac € C for allc € C and

A>0.The cone C is pointed if the setC (1—C contains only the vector of zero. Moreover, a

convex cone C is a cone such that A,c, + 4,c, e C forallc;,c, eCand 4,4, 0.

Example 2.4.2 An important pointed convex cone in R"is the nonnegative orthant

R ={(X,...X,) 1% =0,i=1,...,n}, for which Pareto optimization is cone ordered.

Example 2.4.3 Another important cone is called the lexicographic cone [1] defining

lexicographic optimization [15], where individual goals are ordered by priority so that any higher

level goal preempts a lower level one. For example, in R, the lexicographic cone is defined as
L={(x,y)eR?:x>0, orelsex=0andy>0}.
Notice that the lexicographic cone is a pointed and convex, but the line{(x,y) e R : x =0, y < 0}
is missing.
Definition 2.4.4 Let C be a pointed convex cone in R"and define a relation order <.on R" as
follows. For any y,,y, € R", we say that y, <. Y, if ¥, -y, €C. Define y, <. Y,if y, <. V,
andy, #Y,.In particular, we say thaty, dominatesy,if y, <. y, andy, #Y,. A vector
y, € Bc R"is said to be non-dominated in B if there is noy, € B such thaty, <. y,andy, #Y,.
Denote the set max. B as the set containing all non-dominated vectors in B with respect to the
cone C.
Example 2.4.5 For the lexicographic cone of Example 2.4.3, we construct the order induced by
it. Let B ={(0,0),(0,),(1,0), (1)} = R*and L be the lexicographic cone in R?. Then
0,00<, (01,(0,0) <, (1,0),and (1,0) <, (LY.

Definition 2.4.6 Let C be a pointed cone in R". A linear functional I is a function mapping R"

into R, which satisfies the following property:



(Y, +ay,) =al(y,) +al(y,)foralle,a, e Randy,,y, eR".
A linear functional | is said to be strictly positive on C if 1(c) > Ofor all non-zero vectors c e C.
The dual cone associated with C is the collection of all strictly positive linear functionals |1 on C
and denoted by C* ={l:1(c)>0, ceC,c#0}.

Example 2.4.7 Consider R*with the order induced by the nonnegative orthant cone
R? = {(x, y)iXy=> 0}. We construct a linear functional | : R> — R given by 1(x,y) = x+y for all

X,y € R. Then | is a linear functional such that I(x, y) = x+y > Ofor all non-zero (X, y) € R?, so
(RD) =¢.

The following standard results are used. In particular, note that the pointedness of a cone is

required for a strictly positive linear functional on C to exist.

Lemma 2.4.8 Let C be a pointed cone in R" and assume that C* #¢. If X, <. X, then

I(x,) <I(x,)forany I eC".

Theorem 2.4.9 (cone separation theorem [2]). Let S;,S, be closed convex cones in R" such

that S; NS, ={0}, and denote the topological dual of R" by(R“)'.Suppose that S, has nonempty

interior in some topology zwhich provides R" as the dual of (R") . Then there exists s* € (S;")°

such that —s* €'S,"ands*(s,) > O for all non-zero vector s, €S,.

Corollary 2.4.10 [6] If C" # ¢, then C is a pointed cone.

It follows from Corollary 2.4.10 that pointedness is a necessary condition for existence of a

strictly linear functional on C.
Corollary 2.4.11[4] L = ¢where L is a lexicographic cone inR".

For the remainder of this paper we consider cone-ordered maximization only for a pointed

convex cone C with C* # gwith notable exception of the lexicographic cone L.



Definition 2.4.12 Let C be a pointed convex cone in R"with C* = gand f : R™ — R". Suppose

A c R"is a feasible region. Then cone-ordered maximization, or C-maximization, can be
written as
Cmax f(x)

xeA

The problem is to find all X € Afor which f (x) e max; f (A), for f (A)= U f(x)and

eA
max. f(A)={All non-dominated f (x) in R" for x € A}, i.e., to find non-dominated f (x) for all
feasible solution x € A. General optimality conditions are found in [9].
Ifacone CisR! ={(c,,....c,):¢; >0,i =1,...,n}, C-maximization becomes Pareto

maximization with n objective functions.

2.5 Lexicographic Maximization

Definition 2.5.1 Let L ={(x,...,x,) € R" :x, > 0}and

L ={(%y%,) €R" %, =0,x;, =0,%; > 0}forj =2,....n. The cone L =[ U L;]U{0}is called

the lexicographic cone in R". Then cone-ordered maximization with respect L becomes the
lexicographic maximization

Leximax(f,(x),..., f,),where f:R™ > R,i=1...n.
xeBcR

The problem now is to find a feasible solution X € B for which there is no other vectory e B such

thatX <, .

Example 2.5.2 In Example 2.4.5, the setB = {(0,0),(0,1),(1,0), (1,1)} = R®.
Notice that (1,1) is the only non-dominated vector in B and therefore the solution to the
lexicographic maximization.
2.5.3 Scalarization for lexicographic maximization
The nature of the lexicographic order allows us to construct a scalarization even though the
dual cone L" = ¢ as noted in Corollary 2.4.11.We illustrate in R®. The general case is similar.
Consider the lexicographic maximization

{Lexixmax (f,(x), f,(x), f,(x))

where f,: R" —> Rfori=12,3.
s.t. xe AcR"



This problem can be solved in stages corresponding to the objective functions.

Step 1: Solve max f,(x) and denote f,” the optimal objective value of this problem.

max f,(x)
Step 2: Solve { s.t.  f,(x)= f, and denote f, the optimal objective value of this problem.
XxeA
max f5(x)
st f(x)=f
Step 3: Solve (0 th
f,(x)=f,
xeA

Solutions from the scalar problem in Step 3 are solutions for the given lexicographic
maximization and vice versa. Thus the maximization problem in Step 3 is a scalar equivalence
for the given lexicographic maximization. Details about a more general lexicographic problem

can be found in [7].

2.6 Set-Valued Optimization

Definition 2.6.1 Let F :R™ — 2Rn be a point-to-set map and C a pointed convex cone inR". The
problem max F (x) is a set-valued maximization to find all feasible vector x e A< R™ such that

F(x) M max; F(A) # ¢,where F(A) = U F(x), i.e., of finding all feasible x for which there
XeA

exists y € F(x)andy € max. F(A). Set-valued was defined in [11], where general optimality
conditions were given, and generalizes cone-ordered maximization. We consider a set-valued

maximization with a pointed convex cone for which C* = 4.

Example 2.6.2 Let A={(x,,X,) e R* : X, +X, <1, X,,X, >0} R?,andC = R’. Define
F(x,,X,) =[0,%,]x[0,x,] = R*for all x,, X, €[0,1]. Notice that the function F is a point-to-set
map, and the problem max F(x) is a set-valued maximization. The set of solutions the set
{(x,%,) e R* :x +x, =1 x,,X, >0}

3. Scalar Equivalence of SOCs
We now show that any SOC optimization problem has a scalar equivalence. For example, a

multiple-objective optimization problem is typically solved by transforming the original problem



into the scalar maximization of a real-valued function in which certain parameters are varied to
give alternate solutions to the original multiple-objective problem. See [7], [14], [15], [22], and
[23].

However, the most frequently used such scalarizations of Pareto optimization require
assumptions about the convexity or concavity of functions to guarantee that a scalarization exists
and yields all solutions to the original Pareto problem. Because of this limitation, we say that a
non-scalar optimization problem is scalarizable if and only if all solutions and only solutions of
the non-scalar problem can be obtained by a possibly parameterized scalar maximization
problem called its equivalent scalarization. In that case, the scalarization is said to be scalar
equivalent to the original non-scalar problem.

The notion of scalar equivalence stems then work of Corley [8] (see also [7] and [15]) in
cone-ordered optimization, which includes Pareto and scalar optimization. This scalar
equivalence involves no more effort to solve than scalarizations requiring various convexity or
concavity assumptions on the original problem. It is now known as a hybrid method [7] from its

relation to the Corley hybrid fixed point theorems of [10].

3.1 Maximin

We denote Al below as a given maximin problem, where g(x) = min _f(x,y)forallxe A
yeB(x)cRm

The problem A2 is an obvious equivalence of Al after introducing a real-value decision variable
v to be the value of g(x). We prove that A3 is a scalar equivalence of the given maximin Al. We

note that in A3 the variable y in the set of constraints is not a decision variable but is a parameter

relating the constraints of A2 to the set B(x) for each feasible point x.

max v max v
AL max g(x) A2 st. v =g(X) A3:{ st v<f(xYy), vy eB(X)
xe AcR"veR xe AcR",veR

Lemma 3.2.1 If (v;,X;)is a solution to A3, thenv,* = f (x,*,y*) for some y* e B(x;). Thus
v,*=g(X,*)and (v;,x;)is also a feasible solution to A2.
Proof. Assume that (v;,x;) is a solution to A3. With the feasibility, we observe thatv; < f (x3,y)

for ally e B(x;). To obtain a contradiction, suppose v, < f (x;,y)for ally € B(x;). By the



assumption that g(x;) exists, we have thatg(x;) = min_f (x;,y)is a finite real number. Then it
yeB(X3)

v, + min f(x;,y)

follows that VEB(X;’ < f(x;,y) for ally € B(x;), which implies that
v, + min f(x;,y)
( yeB(xsz) ,X;) is a feasible solution of A3. However, we also have that

v, +min f (x3,y)
yeB

2

v, < , contradicting that v; is the optimal objective value of A3. Thus, we can

conclude that v, = f (x;,y*) for some y*e B(x;)andv; < f(x;,y) fory = y*,i.e,v; = g(x;). =

Theorem 3.2.2 The point(v',x") is a solution to A2 if and only if (v',x") is a solution to A3.
Proof. Suppose (v, x") is an optimal solution to A2. By the definition of the function g, we have
that (v, x") is a feasible solution to A3 as well. To obtain a contradiction, suppose that (v",x") is
not an optimal solution to A3. Then there is another feasible solution (v;, x;) of A3 such that
Vi<v, < f(X5,Y), VY € B(X3).

Case 1. v, = f(x3,y") forsome y~ e B(x;). Inthis case v, = g(x;), and hence (v;,x;)is a
feasible solution to A2. However, we have thatv”™ < v, contradicting that (v,,X;) is an optimal

solution to A2.

Case 2: v, < f(x;,Y),Vy e B(x;). Sinceg(x)= min _f(x,y) iswell-defined for all

yeB(x)=R™
xeR", letV = g(x;). By the construction, we have that (V,x;) is a feasible solution to A2.
However, we also obtain the condition v™ <v; <V, contradicting that(v",x") is an optimal
solution to A2. Thus we conclude that (v",x") is an optimal solution to A3.
To establish the reverse implication, suppose (v, x") is an optimal solution to A3. By Lemma
3.2.1, we have that (v",x") is a feasible solution to A2. To obtain a contradiction, suppose that
(v*,x") is not an optimal to A2. Then there is another feasible solution (v,,X;) of A2 such that

V" <v,. Since the feasible region of A2 is a subset of the feasible region of A3, it follows that



(v,,X;) is a feasible solution to A3 such thatv” < v,. This inequality is a contradiction because
(v',x") is an optimal solution to A3. Thus we obtain that (v, x") is an optimal solution to A2. m
The next two corollaries follow immediately.

Corollary 3.2.3 For f: AxB — R, an equivalent scalarization for the maximin problem

max min_f(x, y)is
xeAcR" yEBCR

max Vv
X,V

st. v<f(x,y),VyeBy:.
xe AcR".veR

Corollary 3.2.4 For f,: A— Rforall i €1,...,nfor a fixed positive integer n, an equivalent

scalarization for the discrete maximin problem, max mln { f.(X),..., T, (x)} is

xeAcR" IE ,,,,,

max v
st v < f(x)
v<f(x)

xeAcR"weR

It should be noted that the scalar equivalence for the discrete maximin of Corollary 3.2.4 has
been used extensively in [5], [15], and [26], for example, with at most a reference to Dantzig

[12] for the linear case.
Example 3.2.5 Consider the following maximin problem.

rrxlaRxmin{fl(x) =X, f,(x) = —x}

Algorithms for solving the problem with a discontinuous objective function have been developed

in [13], [26], and [27]). However, the following of Corollary 3.2.4 indicates that x* =0

max v
Vv, X
st v<X
v<—x |

v, xeR



3.3 Pareto Maximization

For Pareto optimization with m-dimensional objective functions, where m is a positive
integer, Corley [8] provided a scalar equivalence to the problem without assumptions such as
convexity or concavity. It is discussed in [7] and [15]. This scalarization yields all solutions and
only solutions for a given Pareto problem by solving a family of parameterized scalar problems.
The scalar equivalence is stated as follows.

max A-(f,(x),..., T, (X))
B(y):{

xeAcR"

st (f,(X),... f. (X)) -y eC

and1eC" = {/1 eR™:1-c>0,vceC \{0}} for given positive integers n, and m.

}for ally e R™,where C is a pointed convex cone inR™,

Example 3.3.1 Consider the following Pareto problem

Vmax  (X,X,)

X%
st X +Xx,<1;.
X, X, =0

The above scalarization B(y) in this problem becomes

max X, +X,

X1, X2

st. x>y,

B(Y., Y,): x,>y, rforally,y,eR.
X +X, <1

X;, X, 20

To illustrate the parameterization, choose y, =%, andy, = % Then solving the problem P(%,%)

gives (x*,y*) = (3,1). In theory we can similarly obtain all solutions of the Pareto problem, by
y 2 2

solving P(y,, Y, ) for all feasible choices of y;and y,. In practice, a reasonable number of such

solutions will approximate the Pareto frontier.

3.4 Standard Cone-ordered Maximization
Let C be a pointed convex cone in R"withC* = ¢. An equivalent scalarization for the cone-

ordered maximization C1 below is C2.



max 1(f(x))
C1: Cmax f(x) C2(w): y st.  f(x)—weC; whereleC” forallw e R"
xeAcR X e AC Rn

Theorem 3.4.1 If X, is a solution of C1, thenX, solves C2(w) for w = f (X,).

Proof. Assume that x; solves C1. By the choicew = f (X,), we know that X; is a feasible solution
to C2(f (x,)). Let X, be any feasible solution to C2(f (x,)).We therefore have f (x,)— f(x,) € C.
Since X solves C1, the only possibility is that f (X,) = f(X,),so every feasible point of C2(f (x,))

is a solution as well. Since X, is a feasible to C2( f (X,)),it solvesC2(f (x,)). m

Theorem 3.4.2 If X,solves C2(w) forw e R", then X, is a solution of C1.
Proof. Assume that X, solves C2 for some w. To obtain a contradiction, suppose that X, does not
solve C1. Then there exists X, € Asuch that f (x,) <. f(x,).i.e., f(x)—f(x,)eC\{0} It
follows that X, is a feasible solution of C2(w). Since | is a strictly positive linear functional on C,
we have I(f(x,)— f(x,))>0. The linearity of | now yields that
I(f(x))—1(f(x,))=1(f(x)— f(x,))>0. Thus I(f(x,))>1(f(x,))in contradiction to the
optimality of X,. m

We note that the dual cone L™ = ¢ for the lexicographic cone L in R". Thus we cannot use
Theorems 3.4.1 and 3.4.2 to construct an equivalent scalarization for lexicographic optimization.
However, lexicographic maximization can be scalarizable with an alternate approach.
3.5 Standard Set-Valued Maximization

Denote the standard set-valued maximization below as D1. A scalar equivalence is presented

in D2 for a convex, pointed cone C < R"for which C* # ¢.

max I(t)
X,t

DL max FO)  pow): | %t 'SP L goricciandall we R,
rehe t-weC

xeAteR"




An alternate scalarization for set-valued maximization has been proposed in [17]. However,
the approach there requires assumptions involving convexity and concavity. A further

scalarization is found in [20], but it gives only certain solutions.

Lemma 3.5.1 If the problem D2(w) has a solution for somew € R", the problem D1 has a
solution as well.

Proof. Suppose the problem D2(w), wherew € R", has a solution. Let(X,,t,) be a solution of
D2(w). By feasibility, we have t, € F(X,)andw <. t,. To obtain a contradiction, suppose that
the set max F(A) is an empty set. Then there exists X, € A andt, € F(x,) for which t, <. t,,
otherwise t, € maxF (A).From the convexity of C, we have thatw <. t,and t, <. t, implies
W <. t,,50 (X,,t,)is feasible to B2(w). However, sincet, <. t;, by Lemma 2.4.8 we have

I(t,) <I(t))in contradiction to the optimality of (X,,t,). m

Theorem 3.5.2 If X solves D1, then (X,,t,) solves D2(w) forw =t, € F(x,)(Tmax F(A).
Proof. Assume thatx; solves D1. Then there exists t, € F(x,)(1max. F(A),and (x,,t,)is a
feasible solution of D2(t,).Now let (X,,t,) be any feasible solution to D2(t,). Therefore it
follows that t, € F(x,) = F(A)and t, —t, €C. However, this conclusion is a contradiction to
t, e max. F(A) unless t, =t,. Thus every feasible solution of D2(t,) is also a solution. Since

(X, t,) is a feasible solution of D2(t,), then, it solves D2(t,). m

Theorem 3.5.3 If (X,,t,) solves D2(w) forw € R", then X, is a solution of D1.

Proof. Assume that (X,,t,) solves D2(w) forw € R". To obtain a contradiction, suppose that X,
does not solve D1, i.e., F(x,)(Mmax F (A) = ¢. By Lemma 3.5.1, there exist a solution X, of D1
and a vector t, e F(x,)such that t, —t, €C\ {O} Since (X,,t,) is feasible to D2(w), we have

t, —w eC. It follows thatt, —w € C because of the convexity of C, so (X;,t,)is feasible to

D2(w). However, by Lemma 2.4.8, I(t,) <I(t,)in contradiction to the optimality of (X,,t,). m

Example 3.5.4 Recall the set-valued maximization problem in Example 2.6.2 with the problem



max F (x), where F(x,,X,) =[0,%,]x[0,x,] = R*forx,,x, €[0]],
A={(X,%,) X +X, <1, X,X, >0} R?,andC =R’

The equivalent scalarization for this problem is

max I(t)=t +t,

X1, %0,

st (1) e F (X, %,)
t=>w
t,>w,
X +X, <1
t.t,, X, X% eR

D(w,,w,): forallw,w, e R.

In order to obtain all solutions and only solutions of the set-valued maximization, we can

theoretically solve the problem D(w;, w,) for all feasible choices of w,,w,. For w, = §,W2 = % :

the problem P(l,g) gives that (x; = 1, X, = g,tl* = l,t; = g) is a solution for the set-valued
33 3 3 3 3
problem. Again, a large number of such solutions can approximate the Pareto frontier.
In Figure 3.3 we summarize our results that maximin problems, Pareto maximization, cone-

ordered maximization, and set-valued maximization have equivalent scalarizations.

Pareto Optimization

N

Cone-Ordered Optimization

N

Goal Programming

N

Set-Valued Optimization

/

Scalar Equivalence of
Goal Programming

Scalar Equivalence of
Set-Valued Optimization

Scalar Equivalence of

Scalar Equivalence

Maximin of Lexicographic
Maximin Lexicographic

Optimization

Figure 3.3 Scalar equivalence diagram.



4. Equivalences of SOCs
Let A, B be any SOC of Section 3. For example, suppose A is the Pareto maximization
criterion and B is the maximin. We establish equivalences between SOC type A and SOC type B.

4.1 Criteria Equivalences of SOCs

Any two SOC A and SOC B are said to be criteria equivalent if and only the following
conditions hold: (1) Given any problem involving SOC A, all solutions and only solutions can be
obtained by solving a problem involving SOC B. (2) Given any problem involving SOC B, all

solutions and only solutions can be obtained by solving a problem involving SOC A.

Lemma 4.1.1 Any SOC is criteria equivalent to Pareto.
Proof. The lemma is proved only for the maximin and Pareto case. The other cases are similar
and established in [6].

Maximin as Pareto Maximization: Let E1 denote a given maximin problem, where

g(x) = min{fl(x), f,(X),..., fn(x)} forallxe R™and f, : R™ — Rforall i =1,...,nfor fixed n.

Vmax  (v,v,...,V)
max v st v< ()
EL: max g(x) E2:] sit. v=g(x) E3: :
XEAR xe AveR v<f(x)
XeAveR

The problem E2 is obviously equivalent to E1. Moreover, E3 is obviously equivalent to E2
because the objective function of E3 is just a replication of the objective function of E2.
Obviously any single optimization of a real-valued function can be transformed to an equivalent
Pareto optimization in this way.

Pareto Maximization as Maximin: Consider the following problems F1 and F2:

max f,(xX)+...+ f, (X)
s.t. fL(x)2y,
F2: :
F1: Vmax  (f,(x), -, f,(x)) f.(x) 2y,
xeA

forally,y,,...y, €R.



F1 is a given Pareto maximization problem, and the problem F2 represents an

equivalent scalarization as in [8]. Consider now the maximin equivalence F3 of F2

maxmin {Zn: fj(x),zn: fj(x)+1,...,zn: fj(x)+(n—1)}
x j=1 j=1 j=1
F3 St L) =y, forall y,,Y,, ..,y €R.
f,() >y,
xeA

Since the value of min{z f,0x), > F;00+2,..., > F,(x)+ n} =" f,(x), problem F3 is
=1 -1

j=1 j=1
obviously equivalent to F2. Therefore, we can solve F3 instead of F2. Thus Pareto maximization
and a maximin problem are equivalent.m

Lemma 4.1.1 and the results of [6] establish the following result.
Theorem 4.1.2 Every SOC is criteria equivalent of every SOC.

4.2 Equivalent Scalarizations of SOCs

Let Sa and Sg be standard scalarizations of the given SOC A and SOC B respectively. It is
said that both Sa is an equivalent scalarization of Sg and Sg is an equivalent scalarization of Sp if
and only if they have same set of solutions. In other words, all solutions and only solutions of S

can be obtained by solving Sg and vice versa.

Corollary 4.2.1 Every scalar equivalence of one SOC is an equivalent scalarization to a scalar
equivalence of any other SOC.

Proof. Given any SOC problem, say SOC A. We denote the standard scalar equivalence of the
SOC A as Sa. Consider any other SOC, say SOC B. By Theorem 4.1.2, SOC A is criteria
equivalent to SOC B. Therefore, there is a problem involving SOC B that provides all solutions
and only solutions to the given SOC A. It follows that all solutions and only solutions of the
SOC B can be obtained by solving Sa. Hence, Sa and Sg have the same set of solutions. Sa is an
equivalent scalarization to Sg and vice versa. Thus Sg is also another scalarization to the given
SOC A=



Example 4.2.2 Maximin Scalarization as Pareto Scalarization
Let the problem G1 below be the equivalent scalarization to a given maximin problem.

max v
s.t. v < f(X)
Gl : where f,:R" - Rfori=1,...n.
v<f(X)
xeAcR".veR

We write G1 as the equivalent scalarization G2 below of Pareto maximization. For i=1,...,n, let

forallxe Ac R"and v e R,where 4, >0and ) 4 =1.

i=1

g;(x,v) =

> <

Define A ={(x,v) e R" :(x,V) is a feasible solution to G1}, so the set A is exactly the feasible

region of G1. Now an equivalent scalarization for Pareto maximization of the n-objective

function of (g,,...,d,)is given below as G2.

max A409,(X,v)+...+4.9,(X,v)

v
s.t. gl(X’V) = Z ZY

G2(Yy,. Y,): forally,,...,.y, €R.

Y
X,V)=—2>
0,00V =2,

n

(x,v) e A

Example 4.2.3 Pareto Scalarization as Maximin Scalarization
Let f.:R™ — Rfor i =1,...,n,where n is a positive integer. We write H1 below as the

equivalent scalarization of [8] for Pareto maximization.
max A, f,(X)+...+4,f,(X)

s.t. f,(xX)>y,
H1(y,,.... ¥,): : forally,..,y, eR.
f.(x) 2y,

xe A cR"




Define A, (y,,.... y,) = {x € A :x is a feasible solution to H1(y,,..., y,)} for y,...,y, €R.

Obviously, the set A, (y,,..., ¥, ) is the set of feasible solutions of H1(y,,..., y,) for y;,...,y, € R.

Consider the following n functions

0.00= Y AK00, 6,00 =Y 410042 .., 8,00= YA 160+1,

for allx € A(Y,,-., Y,)-

Notice that g,(X) < 9,(X) <...< 9, ,(X) <g,(x) for allx € A(Y,,..., Y,). Write the equivalent

scalarization F2(y,,..., y,) below of the maximin of the g,(X),...,d,(X).

H2(y,,....¥,):

max
X,V

S.t.

xeA (Y, Y,),VeER

\Y

V< 0,00

Vﬁén(x)

forally,,....y, €R

According to Sections 4.1 and 4.2 above, we summarize our results in Figure 4.1 below.

1. Given any problem involving SOC A, we can formulate a problem of SOC B to provide

the same set of solutions. Therefore, all solutions and only solutions of the given SOC A

can be obtained via an SOC B. On the other hand, all solutions and only solutions of a

given problem of SOC B can be also obtained via an SOC A.

2. We can find all solutions and only solutions of the scalar equivalence of SOC A by

solving a scalar equivalence of SOC B. On the contrary, we can solve the scalar

equivalence of SOC B by solving the scalar equivalence of SOC A. Consequently, all

solutions and only solutions of any given SOC can be obtained by solving a scalar

equivalence of any type of SOC.

SOCA

A

y

A

Scalar equivalence of
SOCA

\ 4

SOCB

A

A 4

Scalar equivalence of
SOCB

Figure 4.1 Equivalence Diagram



5. SOCs as Decision Problems

Since an optimization problem is a decision making problem for obtaining the “best”
outcome according to a specific criterion, we consider here an SOC problem as a formal decision
problem. In computability theory a decision problem [16] is a question in some formal logical
system that can be answered by a yes-or-no answer. For example, the satisfiability problem SAT
is a decision problem, whose instance is a Boolean expression using only AND, OR, NOT,
variables, and parentheses. The question is then, given such a formula, is there some assignment
of TRUE and FALSE values to the variables that will make the entire expression true? If the
answer is “yes,” the formula is satisfiable. If not, the formula is unsatisfiable. SAT is NP-
complete [16] and thus may be solved as an 0-1 integer programming (IP) problem [24], which is
simply a scalarization of SAT. All solutions of this 0-1 IP yield corresponding truth values of the
Boolean variables that make the formula true, and only solutions of the IP correspond to truth
values of the Boolean variables making it true. Another example of a formal decision problem is
the halting problem. For a given computer program, the problem is to decide if the program will
stop or continue running forever. It is well known that the halting problem is undecidable [25];
i.e., there is no an efficient algorithm that always provides a correct yes-or-no answer to the
problem.

In a somewhat similar fashion, any SOC has a corresponding decision problem that asks

whether there is a feasible solution yielding an objective function value of z, or better in the

appropriate mathematical space. This question can be answered as “yes” or “no.” Thus varying
Zo and solving a series of the associated decision problems provides either an arbitrarily close
approximation to the answer of the SOC problem or gives an exact answer. To connect
scalarization and formal decision problems at a more fundamental level, one may tentatively
assert that scalarization is explicitly or implicitly a natural part of any decision-making process.
As noted in [21] and [19], it is a standard human approach for making judgments by quantifying
the options in a decision. Thus the converse question arises: can any formal decision problem be
evaluated as a scalar maximization problem as in the case of SAT?

Let D be the set of decision problems, and let S be the set of decision problems that can be
solved or deemed undecidable by the scalar maximization of a real-valued function over an
appropriate feasible set. The question can then be restated as: does D = S? If S is a strict subset of

D, one can ask whether a particular decision problem d in D is a member of S. Thus the fact that



any SOC is equivalent and scalarizable leads to significant new questions in computability

theory.

6. Conclusions and Future Work

For the SOCs maximin, Pareto optimization, goal programming, cone-ordered optimization,
and set-valued optimization, scalar equivalences have been proposed here without convexity or
concavity requirements. We have also shown that there is a direct equivalence between two
SOCs. Thus all solutions and only solutions of any SOC problem can be obtained by solving a
problem involving any other SOC. In addition, we have shown that a scalar equivalence of any
SOC is similarly equivalent to any scalar equivalence for another SOC. Finally, we considered
SOC problems as decision problems and asked the open question if any formal decision problem
is scalarizable, i.e., can be solved by a real-valued maximization over an appropriate feasible
region. Future research will unify the notion of an optimization criterion within a general

axiomatic framework and seek new optimization criteria with meaningful applications.
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